When three or more individuals with disparate talents form a business partnership, they may find it difficult to agree on how their profits will be divided. This paper explores a rule for dividing the profits that depends only on the partners' estimates of the relative contributions of other partners. No partner can affect his own share by the input that he provides. If there is a division that is consistent with the relative contributions suggested by all partners, then the division rule assigns these shares. We provide the intuition for the division rule and investigate several of its properties.
Introduction
Consider a group of three or more persons who must divide an amount of money or some other divisible good among themselves, when they recognize that their claims are subjective and unequal. The canonical example is partners in a law firm or some other enterprise who must divide their profit at the end of a year. The partners understand that their contributions to the enterprise change from year to year in unpredictable ways, so a single agreement at the beginning of the partnership will not suffice to divide the profit among them in proportion to their contributions. While they may be able to measure an indicator of productivity such as billable hours objectively, they recognize the need to take account of other contributions such as managing the firm, bringing in cases for other partners, and providing informal counsel. The partners agree that no disinterested mediator or arbitrator would be as able as they are to discern their relative contributions.
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The more subjective the criteria for division are, the more difficult and time consuming it is likely to be to reach consensus, especially for large groups. The partners may therefore find it useful to employ a formal decision rule that yields the division as a function of input from all partners. What rule should they use?
It is likely that the partners will require that their rule be strategy-proof-that is, they will require that no partner be able to affect his own share by the input that he provides. 2 The partners would consider a rule that permitted a partner to affect his own share unacceptable because it would give a partner an incentive to provide the input that would maximize his own share, rather than his sincere beliefs about the contributions of the other partners. It is also likely that the partners will require that their rule be objective-that is, they will require that the calculation of the shares not depend on any partner's statement about what he deserves relative to others. While strategy-proofness requires that a partner be unable to affect his own share, objectivity requires that a partner be unable to affect the share of any other partner by reporting a different belief about his own contribution. Because people tend to be poor judges of themselves, the partners would be suspicious of a rule that used a partner's assessment of his own contribution when calculating any of the shares. Finally, it is likely that the partners will require that their rule be consensual-if there is a set of shares that is consistent with all of the inputs that the partners provide, they will require the rule to assign those shares. They would regard a division rule that was not consensual to be an inadequate reflection of their views.
Quite surprisingly, if three partners agree that they want a rule with these three intuitive characteristics, then they have already chosen their division rule! There is only one division rule for three partners that is strategy-proof, objective, and consensual. This rule is a function of all three partners' proposals regarding the relative shares of the two partners other than themselves.
In the case of four or more partners, objectivity permits each pair of partners to be assessed by two or more partners, and there are an infinite number of ways of aggregating the proposals for the share ratio for each pair. However, there is a natural extension of the unique rule for three partners to four or more, once there is a settled method of aggregating the proposals for each share ratio. There can be no strategy-proof rule for two partners because it is impossible for one
partner to specify what the other ought to receive without implying what he himself ought to receive. However, the rule can be adapted to two partners by employing a mediator who receives a share of the amount to be divided as his mediation fee and who effectively acts as a third partner.
In this paper, we provide the intuition for these division rules. De Clippel et al. (2008) describe the mathematics of these rules, but their focus on mathematical rigor makes it somewhat difficult to discern intuitive reasons for their results. In addition, we investigate five properties of the division rules that de Clippel et al. do not discuss, and which are likely to be of particular interest to those who wish to use the rules. First, in the case of three partners, the rule always divides less than the total amount available for division unless the partners' proposals are consistent, and the surplus needs to be wasted to eliminate all incentives for strategic behavior.
In Section 2 of this paper we investigate how the size of the surplus varies with the degree of divergence of the share ratios from consistency, and find that the surplus is generally very small.
This makes the division rule attractive even for groups with only three members. Second, in Section 3 we show that the properties of strategy-proofness, objectivity, and consensuality are necessary and sufficient to determine our division rule for three partners, and that the properties are independent.
3 Third, when there are more than three partners, there are many possible ways of aggregating the proposals of two or more partners regarding the relative shares of any two partners other than themselves. We analyze several aggregation methods and assess their properties numerically in Section 4. Fourth, the question arises of how to accommodate incomplete proposals. In Section 5 we go beyond the case, discussed by de Clippel et al. (2008) , of large partnerships where not everyone is able to make a proposal about the relative share of every other partner, to the case where there are no proposals for some pairs of partners. Finally, we describe an adaptation of the division rule to the case of two partners in Section 6. Our discussion and analyses provide essential information for any group that might wish to adopt the division rules.
On what information do partners base their assessment of how much their fellow partners should receive? There are two meaningful interpretations of the partners' assessments of the contributions of the other partners, leading to different interpretations of our division rule. First, one can assume that each partner observes a noisy signal of the true contributions of the other partners. From this point of view, a division rule is an estimator that uses noisy signals to derive estimates of the underlying correct contributions to which the partners are entitled. In this context, strategy-proofness is attractive because it reduces a partner's incentive to report anything other than the signal that he observes.
Alternatively, every partner may be essential for the partnership to operate so that it is meaningless to define a partner's contribution as a share of the amount to be divided. Rather than rewarding past productivity, the partners' objective might then be to divide the amount in a way that maximizes the probability that the partnership will continue with all partners present.
In such a case, a division rule can be interpreted simply as an aggregator of the partners' opinions of how much each partner needs to receive to be willing to continue in the partnership.
In this context, strategy-proofness is attractive because it reduces a partner's incentive to make a proposal that reflects anything other than his honest opinion of what is necessary to induce the other partners to remain in the partnership.
Both interpretations are meaningful because a rule that proposes a division on the basis of the partners' input is a special type of voting rule; it should therefore not be surprising that division rules can be interpreted in the same ways in which voting rules have been interpreted.
Voting rules have sometimes been interpreted as estimators of the true will of the people (see Young, 1988 , for a discussion), but voting rules can also be viewed simply as aggregators of opinions if the notion of a "will of the people" is not palatable. Just as voting is meaningful under both interpretations, our division rule is applicable to both cases. Mumy (1981) The idea of penalizing people when the sum of the claims exceeds what is available also arises in the game known as "divide the dollar" (DD). Brams and Taylor (1994) analyze two variants of DD that incorporate player-specific entitlements. One variant employs announced, player-specific integer entitlements e i that sum to the available resources, along with a rule that if the players' claims, b i , sum to more than the available resources, then the claims are given priority in the order defined by b i -e i , starting with the smallest value. Brams and Taylor show that when there are more than two players, the iterative elimination of weakly dominated strategies induces an outcome in which each player claims e i + 1.
Brams and Taylor's other variant of DD with player-specific entitlements comes closest to the case in which we are interested. It is similar to the previous variant, except that each player proposes a claim for every other player as well as herself, with the sum of her proposals required to equal the available resources. While Brams and Taylor prove theorems about other variants of DD, they provide only an informal discussion of this case. They note that if all players are claiming nearly everything for themselves, any one player will benefit greatly by claiming less. They write, "This logic eventually will carry the players towards the ratings they think the other players will give them. Provided players are honest in their assessments of others (there seems no good reason they should not be in the absence of collusion), players can do no better than try to reflect the others' assessments, slightly perturbed, in their own requests."
Brams and Taylor argue that their suggestion "would be viewed as fair by the players, because these procedures benefit players whose self-ratings agree with those of others" (p. 228).
We regard it as unlikely that Brams and Taylor's suggestion would be viewed as fair.
Being able to guess the evaluation that others will give to oneself is not a talent that is particularly deserving of reward. Furthermore, out of equilibrium, a player's maximum payoff is obtained not from a self-evaluation that is in line with the evaluations of others but rather from the greatest self-evaluation that can be fully paid before the money runs out; the incentive to provide a self-evaluation that is in line with the evaluations of oneself by others occurs only when all others have provided self-evaluations in line with the evaluations of others. If Brams and Taylor's proposal is operated in two or more rounds so that the players can have reasonable estimates of the evaluations that others will give them, then each player has an incentive to make a large claim for herself prior to the final round so that others will be induced to expect to have to settle for less. What is needed to avoid inappropriate incentives is a mechanism in which a player's self-evaluation never has any effect on what she receives. That is what we offer.
We are not aware of any previous analysis, besides that of de Clippel et al. (2008) , of division rules that are consensual, strategy-proof, and objective. Objective division has some affinity to the literature on how to best combine the opinions of disinterested individuals (for example, the Condorcet Jury problem), which is nevertheless different from our problem because our partners are not disinterested. There is also a relation to the literature on bargaining, although bargaining theory emphasizes strategic behavior, which we rule out by requiring strategy-proofness.
Two additional attractive criteria for division rules are efficiency and fairness. A division rule is efficient if it divides the entire amount without surplus. We show in Sections 2 and 3 that in the case of three partners, perfect efficiency is not compatible with strategy-proofness, objectivity, and consensuality. However, we also show that the loss of efficiency from requiring these three criteria is likely to be quite small. In Section 4 we explain why efficiency can be attained along with the other criteria when there are more than three partners.
In the context of the problem explored in this paper, fairness cannot be related to individual productivity because no one has completely reliable knowledge of anyone's productivity. Still, all three of our criteria are related to fairness in some way. Strategyproofness removes a partner's temptation to increase his own share through an exaggerated estimate of his own productivity, which would be patently unfair. Objectivity ensures that a partner's belief about his own productivity does not affect the relative shares of his fellow partners, which might also be considered unfair. Consensuality is a variation on the idea of unanimity, adjusting unanimity for the fact that our division rule pays no attention to anyone's belief about his own productivity. Thus consensuality is related to fairness in the same way as unanimity is.
In Section 4 we examine the accuracy of our division rule when there is a set of objectively correct shares that the partners deserve and a specified statistical process generates each partner's stated beliefs about the relative shares of his fellow partners. In such a setting, a division rule can be called fair if it assigns to each partner his correct share. Interpreting the division rule as an estimator of the correct shares, we assess its bias as a function of the distribution of the correct shares, the size of the partnership, the variance of distribution from which the partners' honest beliefs are drawn, and the way in which the partners' beliefs are aggregated.
The division rule for three partners
Consider a group of three partners who must divide the amount X among themselves. They 
where R ij = s i /s j is the ratio of the shares that partners i and j receive. The ratio of the shares of partners 1 and 2 can be expressed as the product of the ratio of the shares of partners 1 and 3 and the ratio of the shares of partners 3 and 2, or 32 13 12
Equation (1) (1) to determine the three shares.
Thus the shares of the three partners under this approach are When this sum of three fractions is put over a common denominator, the result is a fraction with 27 terms in the numerator and 27 terms in the denominator, with all terms positive. Of these 54
terms, there are 25 in the numerator that are matched by the same term in the denominator.
Denoting the sum of these 25 terms by Ψ > 0 yields, as an expression for the unallocated surplus, 
The numerator is zero when the proposals are consistent (that is, when r r r = 1) and positive otherwise. Thus when the proposals are not consistent, the sum of the three shares is always less than 1 and the division rule divides less than X. Because the shares never sum to more than 1, the division rule is feasible: it never allocates more than the amount to be divided. However, the sum of the three shares generally will be very close to 1 because the 25 terms in Ψ are all positive, so that the denominator is generally much greater than the numerator. Thus the unallocated surplus generally will be small.
The division rule has a straightforward geometric interpretation. The set of shares that sum to 1 can be represented as vectors with three non-negative components (representing the shares of partners 1, 2, and 3 respectively) that sum to 1. The possible vectors can be represented geometrically by a triangle in a three-dimensional coordinate system, with vertices at (1, 0, 0), If the proposed share ratios are consistent, then the line segments emanating from the three vertices intersect at a common point whose coordinates are the three consistent shares. If the proposed share ratios are not consistent, as in Figure 1 , then the three line segments do not meet at a common point. To determine the share of partner 1, draw a line that is parallel to BC and passes through the intersection of BE and CF (the proposals of partners 2 and 3). This line represents all share combinations that give partner 1 the same share as in the one combination for all three partners that is consistent with the proposals of partners 2 and 3. Partner 1's share is then represented by the ratio GB/AB (or HC/AC). 5 The two other dashed lines yield the shares of partners 2 and 3 by similar constructs. Because the three dashed lines do not intersect in a common point, the proposals are inconsistent and the shares therefore sum to less than 1.
Because the shares sum to less than 1, there is no point in the figure that represents the selected division. The share of the unallocated surplus is given by the ratio of the height (or the side) of the triangle formed by the three dashed lines to the height (or the side) of the original triangle.
Should the fact that the division rule divides less than X if the proposals are not consistent be a reason for concern? Figure 2 shows the surplus as a function of 
while ( )
provides an upper bound for the surplus. Equation (8) is a close approximation of equation (7) for values of m close to 1, and indicates that the maximum surplus increases quadratically with ln m for values of m close to 1. 6 However, the degree of inconsistency that is necessary to produce a substantial surplus is so high that it is very unlikely to prevail in practice. For example, if It is unlikely that three people with such inconsistent views of their relative contributions can maintain a viable partnership. And even in this extreme case, the surplus is only 14.28% of X.
The partners can dispose of the surplus in three ways. First, they can rescale the shares so that they sum to 1 and distribute the entire amount X. However, rescaling the shares opens a possibility for strategic manipulation, because the size of the surplus is a function of the three proposals, and a partner's proposal now affects the share of X that he receives. Second, they can use the division rule again to divide the surplus. This also permits strategic manipulation unless, implausibly, every partner believes that a change in the size of the surplus will have no effect on the size of his own share. However, because the surplus is small as long as there is a reasonable degree of consistency in the proposals of the partners regarding relative shares, it is likely that the partners would be more concerned about maintaining goodwill in the partnership than about increasing their shares by trivial amounts. Thus the temptation to behave strategically would be fairly weak.
Finally, the partners can give away the surplus. Because the surplus is zero if the partners propose consistent share ratios, not distributing the surplus among the partners has the advantage that it provides the partners with a collective incentive to offer consistent proposals and thus be in agreement about their relative shares. However, if they donate the surplus to charity and any partner receives utility from the fact that some share of X that the other partners could have received is donated to charity, then increasing the size of the surplus may become one of his goals. Avoiding strategic behavior is therefore possible only if they dispose of the surplus in a way that does not change the utility of any partner.
Although the division rule is strategy-proof, it is nevertheless susceptible to coordinated manipulation by a coalition of two partners. If two partners agree that they will both undervalue the third partner's share, then the division rule yields a lower share for the third partner. For example, assume that the partners' sincere beliefs about the relative shares are respectively, then their shares increase to s 1 = 0.375 and s 2 = 0.308 while partner 3's share falls to s 3 = 0.3. In being strategy-proof for individuals but not for groups, the division rule is like the demand-revealing process. 7 However, since preference aggregation mechanisms generally are susceptible to collusive manipulation, the susceptibility of this mechanism is not surprising. In the following section, we show that it is not possible to protect partners against collusion by modifying the division rule, for example, by assigning minimum shares to which partners are entitled. So at least for groups of three partners, the division rule is for persons who can trust their partners not to collude against them. To the extent that partners have viable alternatives to remaining in the partnership, concern that a partner who was a victim of collusion would leave the partnership provides an incentive to refrain from colluding.
3. Necessity, sufficiency, and independence Quite surprisingly, the division rule in Section 2 is the only division rule for three partners that is strategy-proof, objective, and consensual. The three properties are clearly necessary, since the rule possesses all three. To establish their sufficiency, consider any rule other than is the only rule that is strategy-proof, objective, and consensual. If the three partners agree that they want a rule with these three properties, then this division rule is their only option.
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The independence of the three properties of strategy-proofness, objectivity, and consensuality is established by the fact that for each property one can find a feasible rule that lacks that property but possess the other two. The rule "Divide X into 3 equal shares" is strategy-proof and objective, but it is not consensual because, for example, if = r , then consensuality requires s 1 = 1/3, s 2 = 1/2, and s 3 = 1/6 rather than equal shares.
Similarly, any rule that seeks to protect partners against collusion by assigning a fixed minimum share to each partner is not consensual. The rule "Divide X into 3 equal shares, but use the division rule in Section 2 if the proposals are consistent" is objective and consensual, but it is not strategy-proof because a partner who is assigned less than one-third of the profit under consistent proposals has an incentive to change his proposal and make the proposals inconsistent. Because the division rule in Section 2 is the only rule that is strategy-proof, objective, and consensual, equation (6) proves that these three properties together imply feasibility when there are only three partners. For groups with four or more partners, objectivity permits any pair of partners to be assessed by two or more partners, and there are an infinite number of ways of aggregating the partners' proposals. In the following section, we examine division rules for groups with four and more partners that are strategy-proof, objective, and consensual, and we explain which aggregation methods lead to feasible and attractive rules.
Division rules for four or more partners
For groups of more than three partners, equation (1) generalizes to 1 1
and the following division rule is a generalization of the rule for three partners:
Have each partner supply a set of proposals for the relative shares of all partners other than himself, determine an aggregate proposal ρ ji for the ratio of the shares of partners j and i from the proposals of the n -2 partners other than j and i (see below), and use the aggregate proposals ρ ji in place of the R ji to determine the shares as the n fractions in equation (10).
By inspection, this division rule is strategy-proof, objective, and consensual.
Because equation (2) holds for any three shares i, j, k, the generalized division rule divides the entire amount if the averaged ratios are consistent (ρ jk = ρ ji ρ ik for any three i, j, k), and is likely to leave a surplus otherwise. 10 However, there is a method of aggregating the partners' proposals that leads to a version of the above division rule for n ≥ 4 partners that always distributes the entire amount without surplus:
Divide X into n parts and use the proposals from the n -1 partners other than partner i to determine aggregated ratios that will be used to divide the amount X i among all n partners, using the above division rule. Partner i is the residual claimant who receives any surplus that arises from the lack of consistency in the proposals of the n -1 partners.
The n parts do not have to be of equal size for the rule to divide the entire amount without surplus. However, X i = X/n is a natural division that ensures that all partners are treated in the same way.
The modified division rule is still strategy-proof because partner i does not participate in the division of X i , and it is objective because no partner ranks himself relative to any other partner. Because there are no surpluses if the n groups of n -1 partners all offer consistent proposals, this combination of n consensual division rules is consensual as well. This modification does not work when there are only three partners, because there is no strategyproof, objective, and consensual division rule for subgroups with n -1 = 2 members.
There are an infinite number of such strategy-proof, objective, and consensual division rules for four or more partners because there are an infinite number of possible ways to divide X into n parts and an infinite number of possible ways to aggregate individual proposals for each ρ ji . Furthermore, any rule under which groups of at least three partners divide fractions of the total among the n partners is strategy-proof, objective, and consensual, as long as each surplus goes to persons who did not contribute to the division that created it. Thus it is natural to ask whether any of these rules are better than others. De Clippel et al. (2008) 
For example, the arithmetic mean and the geometric mean, which assign equal weights to all n -2 proposals, satisfy condition (13) with equality for all m. If n is odd, then the median, which assigns a weight of 1 to proposal (n -1)/2 and a weight of zero to all other proposals, satisfies condition (13) because the sums of the weights for the m lowest and the m highest proposals are both zero for all admissible m. 11 If n is even, then the upper median (λ n/2 = 1) as well as the arithmetic and the geometric averages of the upper and lower median (the "arithmetic median aggregator" and the "geometric median aggregator," with λ n/2-1 = 0.5 and λ n/2 = 0.5) satisfy condition (13), while the lower median alone (λ n/2-1 = 1) does not satisfy condition (13).
Similarly, the largest proposal alone (the "maximum aggregator," with λ n-2 = 1) as well as the arithmetic and geometric averages of the smallest and the largest proposal (λ 1 = 0.5 and λ n-Although an infinite number of aggregators satisfy condition (13), the most natural aggregators are the arithmetic and geometric means and medians. The two means are attractive because they weigh all proposals equally, and the two medians are attractive because they are not greatly affected by single extreme proposals when there are five or more partners. We therefore limit our further analysis to these four aggregators.
While no aggregator permits a partner to increase his own share, the two mean aggregators permit any partner to reduce any other partner's share greatly by proposing highly inflated shares for others. Both median aggregators are highly resistant to such misbehavior when n ≥ 5. When n = 4, each median aggregator is equal to the corresponding mean aggregator, since there are only two proposals to be aggregated. Between the geometric aggregator and arithmetic aggregator for n = 4, the geometric is less affected by an increase in the larger proposal than the arithmetic and therefore offers less opportunity to reduce a partner's share maliciously. Thus, evaluated by their degree of resistance to strategizing, the geometric median aggregator is the most attractive of the four aggregators.
If one considers it likely that all partners will state their honest beliefs about the relative shares and not behave maliciously, then it is hard to know, a priori, which of the four aggregators is best. To devise a yardstick by which to compare the aggregators, we assume that there is a set of "correct" shares } ,..., { * * 1 * n s s s = that the partners deserve, for example, their (imperfectly observable) marginal products as shares of the sum of their marginal products. A division rule then represents an estimator of the correct shares, and an aggregator is attractive if the implied division rule leads to an accurate division of X.
To model the partners' proposals, we assume that each partner's belief about what the n shares ought to be is a draw from an n-variate Dirichlet distribution with density function 
so that a change in the common constant c alters the variances of the vector of beliefs without changing the expected values. We determine partner k's proposal for the relative shares of partners j and i from his draw of his beliefs of the n shares as
. For simplicity we have each partner draw a belief about his own share as well as those of others, but we obtain the same results for each partner's proposals for the relative shares of pairs of other partners as we would if each partner had not drawn a belief about his own share.
We explore the properties of the four aggregators while varying three dimensions of the partners' circumstances: the number of partners, the distribution of the correct shares s * , and the variance of the distribution from which the partners' beliefs are drawn. To incorporate differences in the distribution of s * , we undertake numerical simulations for all possible integer combinations of dividing 5⋅n. For example, in the case of five partners, we examine the combinations of shares s * = {1, 1, 1, 1, 21}, {1, 1, 1, 2, 20}, …, {5, 5, 5, 5, 5}. Because the draws from the Dirichlet distribution for permutations of any given distribution of s * are qualitatively identical, we examine only one permutation of each distribution (that is, we examine s * = {1, 1, 1, 2, 20} but not s * = {1, 1, 2, 1, 20}). 13 We incorporate differences in the variances by undertaking simulations for c equal to values for which the standard deviation of a share with an expected value of 0.5 is 0.02, 0.05, and 0.08.
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Simulation Results
We report the results of our simulations in Table 1 . For every combination of number of partners, distribution of shares, and standard deviation of the distribution from which the beliefs are drawn, we sampled 1000 sets of beliefs for every partner. We assess the accuracy of each aggregator through its bias-the difference between the estimated share s i and the true share * i s -and its root mean square error (RMSE)-the square root of the mean of (s i -
To keep the number of results manageable, we report the bias and the RMSE only for shares within the ranges of 7.5%-12.5%, 27.5%-32.5%, and 47.5%-52.5%.
( Table 1 about here)
We find that all four aggregators are biased, and that the bias varies nonlinearly with the share size, the number of partners, and the standard deviation of the beliefs. The bias is negative for small shares and positive for large shares. Not surprisingly, the absolute value of the bias falls as the variance in beliefs falls. All four aggregators have very similar biases for groups with four partners. As the number of partners increases, negative biases become smaller and positive biases become larger. The share size with no bias is roughly 1/n. For large shares, the bias rises at the slowest rate for the arithmetic mean and at the fastest rate for the geometric mean. The bias of the geometric median rises at a slightly faster rate than that of the arithmetic median.
The RMSE increases with the standard deviation of the beliefs and share size, and decreases with group size. Because the averages of more precise proposals and a larger number of honest proposals lead to a better estimate of the correct share, these results are intuitive. The arithmetic aggregators have smaller RMSEs than the corresponding geometric aggregators, and the means generally have smaller RMSEs than the medians, except that the geometric median does better than the geometric mean when there are many partners, a large share, and a high variance of beliefs.
The arithmetic mean has the smallest bias and the smallest RMSE. However, the arithmetic mean is less resistant to mischievous or badly informed behavior than the two medians. The choice between median and mean aggregators therefore depends on whether the smaller bias and smaller RMSE of the mean aggregators are considered to be worth their cost in reduced resistance to mischief. The geometric aggregators have the aesthetic appeal that ρ ji = 1/ρ ij . The choice between geometric and arithmetic aggregators therefore depends on whether this aesthetic virtue is considered to be worth its cost in bias and RMSE.
So far we have assumed that the proposals of all partners ought to have equal weight.
The aggregators can also be used if the proposals of some partners are to be weighted more heavily, for example, to reflect the partners' seniority. To aggregate such weighted proposals in terms of their medians, sort the proposals by size and determine the "position" of each proposal as the sum of the weights of the proposals that precede it plus half of its own weight. Next, identify the two proposals 
Large partnerships and incomplete information
It is straightforward to apply the division rule to large groups whose partners may not have sufficient information to assess the relative contributions of every partner. Even if proposals from some partners are missing, one can determine aggregate proposals ρ ji as long as there is at least one proposal for every pair of partners.
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If combining aggregate proposals derived from vastly different numbers of individual proposals seems inappropriate, then one might want to apply the division rule in multiple stages.
For partnerships that consist of several groups that are each headed by a senior partner (for example, a law firm may have offices in different cities), the senior partners can first use the division rule to divide the firm's profit among the different groups. The partners who belong to each group are likely to have sufficient information about their relative contributions, so they can use the division rule to divide the share of the firm's profits allocated to their group.
In cases in which a tiered division is not feasible and no partner is able to provide a proposal for the relative shares of some pairs of partners, it may be possible to estimate the missing ratios from the ratios that are available. For example, consider a group of five partners where none of partners 1, 2, and 3 is able to provide a relative ranking of partners 4 and 5. An 
where the superscripts on ρ indicate the partners whose proposals, if available, are used to determine the respective aggregate proposal, so that strategy-proofness and objectivity are Because the division counselor is effectively treated as a third partner, the conditions for our division rule are then satisfied. Similarly, division among three partners without any surplus is possible by calling in a fourth person as a counselor and using the adjusted division rule in Section 4.
Conclusion
Although we have explored the properties of the division rules in the context of a business partnership, the rules have a wide range of possible applications. They can be used to divide a joint inheritance or any other windfall gain when the individual claims are contestable.
Scientists can use the rules to divide the proceeds of a patent that stems from joint research, faculty members can use them to divide discretionary salary increases that are paid en bloc to their department, and creditors can use them to divide the recoverable assets after a bankruptcy.
It is worth emphasizing that the division rules do not replace discussions among the group members about their relative contributions or claims. Such discussions help the members to either obtain or recall relevant information on which to base their proposals. However, if the group members believe that they themselves are the best arbiters, they consider it too time consuming to continue their discussion until they reach consensus, and they value strategyproofness, objectivity, and consensuality, then the division rules described here are their only choice. Moulin, William Shughart, and two anonymous referees for helpful comments.
1. Klein et al. (1978) suggest that partnerships are formed by persons whose efforts are uniquely complementary to one another's and who are thus more vulnerable to the appropriation of their quasi-rents under purely contractual relationships. The resulting interdependence among the partners' contributions makes it impossible to determine each partner's individual contribution.
Thus the partners must base the division on their subjective assessments of these contributions.
2. Strategy-proofness has been defined traditionally as the dominance of truth-telling. In an environment in which there is no objective truth, our usage represents a reasonable extension of the meaning of strategy-proofness. 6. To see that (8) is an approximation of (7) for m close to 1, set 1+x = m 1/3 , multiply both equations by 3 and compare the first three terms of the series produced by polynomial long division on equation (7) with the 4 th order Taylor approximation for equation (8). The approximations are S 7 (x) = x 2 -x 3 + 2/3x 4 and S 8 (x) = x 2 -x 3 + 11/12x 4 respectively, which yield similar values for x close to 0.
7. See Tullock (1976). 8. De Clippel et al. (2008) prove (in their proposition 1) that this division rule is the only rule that possesses all three properties.
9. The division rule described by equation (9) is feasible (that is, the sum of its shares never exceeds 1) because the proposals of the relative shares are in the denominator, and any division rule inspired by equation (1) that uses proposals about relative shares that are not smaller than those used by the division rule in Section 2 must be feasible as well.
10. Below we discuss the condition for the aggregation of individual proposals which guarantees that the sum of shares does not exceed 1. Aggregation rules that meet this condition lead to a surplus, unless the aggregate proposals are consistent. Aggregation rules that violate this condition can-by chance-yield shares whose sum equals 1 even if the aggregated proposals are not consistent, although these rules are more likely to yield shares whose sum exceeds 1.
11. Recall that we are aggregating n -2 proposals, so proposal (n -1)/2 and not proposal (n + 1)/2 is the median proposal if n is odd.
12. There is no natural alternative to the Dirichlet distribution. Although one can construct many applicable distributions as mixtures of existing distributions, these are less intuitive. We experimented with two other distributions and obtained nearly identical results. 15. The modified method in Section 4 that avoids a surplus requires that a partner's proposal be excluded from the application of the division rule for which he is the residual claimant. Thus a surplus can be avoided when some proposals are missing only if there are at least two proposals for every pair of rankings.
